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of moments can be constructed using the Jacobi equation.
It was shown in [1] that a chain of closed systems of first-

order ordinary differential equations describing the evolution ~ Let us be given the Euler-Lagrange equation

oL _doL _
Ox  dt oz
dx
Where L = L(t, x, ) is the Lagrange function; z = T Following [2], we write

L(t,x + 0x,& + 6&) = L(t,x, %) + dL,

d OL(t,z,i OL(t,x,a
WheredL = |—L(t, x + adx, & + adi) = ( ,x,x)5x+ ( ,.x,:r;) ot (2)
da 00 Oz oz
Substitute (2) into (1) and obtain the Jacobi equation.
0L d 5L
dr dt o0&

which is written as [2]

[Lm - %] 50— L (Lubi) =0 (3)

.2

Ifr, — mr_o_ U(x, t), then the Euler-Lagrange and Jacobi equations have the form, respectively.

U.+mi=0 (4)

Uprdx +moi =0 (5)

It can be seen that using the Jacobi equation (5), closed sys-  tems of first-order differential equations can be constructed

for three new dynamic variables.
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where 622 = (62)%;

The recurrent formula has the form

i5x"55c“‘ - —SU—""é‘xk“&'cs_l +kSx*ox (7)
dt m

k+s=n.
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L 5% — 2 5%5p,

dt m
14 5e5h = Lopi—U 5% . (8)
dt m

4 5p? =—2U_535p

dt px XX px’

the initial conditions for which satisfy the Heisenberg uncertainty relations

(035p,) |, <(6%)

(652
0 t

o P (9)
>

(6%%)

(6p7)
t=0

The systems of differential equations (6-7) can be written as [4]

dW
dt
where W is the fundamental matrix of solutions, and A is the ~ Using the Jacobi identity [4], it is possible to establish the rela-

matrix of coefficients for unknowns. tionship between the Wronsky determinant at the initial and

= AW, (10)

final moments of time.

W) = W les ( [ SpA i)

0

where SpA 0 is the sum of the diagonal elements of the funda-  of differential equations (6-8) are integrals of motion on the

mental matrices of differential equations (6-8) at n 2,3,... zero.  extremals of the Euler-Lagrange equation (4).

Thus, the ronsky determinants for the fundamental matrices ~ We construct Liouville equation for the Jacobi equation (5)

oP . OP U, 0P _
S T Oime o =0 (12)

The solution to this equation is the distribution function of  the fluctuations of the coordinate and velocity

P(ox,di,t) =

o (_ (62)207% + (5%)267% — 2<5x5:i:>5x5;t) 13)

1
2w A2 22

where A? =622 §i2—dx 5562, if the second moments 022, 042, dx 04 satisfy the system of equations (6).

Using the system of equations (6), it can be shown that
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The system of equations (9) exactly coincides with the system

of equations for the mean squares of the quantum fluctua-

tions of the coordinate and momentum [3,4]. Since it follows
from formula (10) A2(¢) = const. for wave functions minimiz-

ing the Heisenberg uncertainty ratio, we obtain

2

(5ZE2) (5}93) — (0z 5pm)2 = hz

Thus, the distribution function (13) is localized in the vicinity
of a classical trajectory, the size of which in the phase space is
of the order of Planck's constant. Equation (15) determines

the extremely small value of the emittance of the charged par-

ticle beam ~h, which is important in accelerator technology [5].
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